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Abstract 

The aim of this article is to advocate the formulation of the basic 
laws of Physics by frames <£, i.e. quadruples of exterior differential 
one-forms. These are invariant w.r. to any diffeomorphism. The hy- 
perbolic * is modified to which is invariant. The basic operator is 
a modification of the Hodge-de Rham Laplacian U\ = d*d* + *d*d 
to □$ = d d *<j> + d d. The basic equation is motivated by the 
Einstein equation in nonempty space. Einstein's is substituted 
by □$. The field equation is = A(x) < I ) , where X(x) is a function 
of the entries of $ and their first order derivatives. Kaniel and Itin 
[4] showed that a similar equation results in a complete alternative to 
the field equation of General Relativity in vacuum. Then first order 
linear approximation of is considered. This way, natural invariant 
formulation of Maxwell equations is exhibited. After that invariant 
formulation of Schroedinger equation (classical and relativistic) and 
Dirac equation is derived. The frame-field equation yields a deriva- 
tion of Newtonian (Einstein) law of attraction without recourse to the 
geodesic postulate. Coulomb law is also derived. 



1 Introduction 

The aim of this article is to advocate the formulation of the basic laws of 
physics by frames $, i.e., quadruples of exterior differential one- forms, invari- 
ant entities. One invariant field equation that ranges from the Universal to 
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the Atomic Scale is exhibited. Different laws are characterized by assump- 
tions on the energy content in space. The article is motivated by General 
Relativity in particular by the Einstein equation in nonempty space. His 
tensor G^ u = R^ u — ^g^R is replaced by □$ to be defined in the sequel. 
A. Einstein, in the general theory of relativity [1] postulated that 

1. The world is a four dimensional manifold 

2. Gravitation is a construct of a Riemannian manifold. 

3. The field equation, in Vacuum, is R@ = 0, where R? a is Ricci's tensor. 

4. The geodesic postulate. Pointlike massive bodies move on geodesies of 
the metric. 

5. The form of the equations should be independent of the coordinate 
system. 

Once it is postulated that the world of gravity is Riemannian then, in prin- 
ciple, the only plausible choice of an invariant construct for a field equation 
is Ricci's tensor or a modification of it. Consequently, any attempt to define 
a novel invariant field equation should be based on a different construct. In 
this article the construct is taken to be Cartan's frame [3], [5], a quadruple 
of four differential one-forms 

$ = = $°dx p (1.1) 

Notation: A Greek letter index ranges over (0,1,2,3). A Roman letter in- 
dex rangers over 1, 2, 3. A repeated index is subject to Einstein summation 
convention. Derivatives are denoted by bar-index: = f\ a . 
A frame $ yields the metric g by 

9vv = rja&ffi (1-2) 

where r) a b = diag(— 1, 1, 1, 1) the Lorentzian metric tensor. The frame is 
assumed to be complex. Mass and forces, including the electromagnetic 
forces are taken to be real (cf [10]). For a complex frame, 

g,u = Re {Vab^i) ■ (1.3) 

Recall the operator d acting on exterior forms 

d (f(x)dx ai A • • • A dx ak ) = f(x) la dx a A dx ai A • • • A dx ak (1.4) 
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d (f(x)dx ai A dx a2 ) = -d (f(x)dx a2 A dx ai ) (1.5) 
consequently for any form W 

d 2 W = (1.6) 
A frame $ is defined by its structural equations [3] . 

d<5> a = xt^ X A (1.7) 

together with 

dH = H^tf (1.8) 

where H is an arbitrary function. \J/Jg is an inverse of For $ defined by 
(1.1) 

d$ a = $^ |7 ^^$ A A $ M = Xv^ A A $ M (1.9) 

The structural equations determine the frame. The Xa m are scalars, invariant 
under any diffeomorphism. Each $ a represents a material distribution in 
space. 

In the sequel, the basic field equations will be derived, a Lagrangian will 
be exhibited, the fields of point particles will be constructed. The fields of 
mass and electric charge will be identified. Next, the linearized equations will 
be considered. Then , invariant Maxwell equations are formulated using the 
invariant operators d and*$, to be defined in the sequel. Schroedinger and 
Dirac equations, being linear, will be reformulated by the linearized frame 
field equations. Subatomic physics is not considered in this paper. Newton 
(Einstein) law of attraction will be deduced by the field equations without 
recourse to the geodesic postulate. A number of simplifying assumptions 
are made in the derivation of Newton and Coulomb laws. All the equations 
evaluated in this article are invariant w.r. to any diffeomorphism. The lhs 
of the field equation, defined on a four dimensional manifold, is the same for 
all bodies. The rhs depends on the energy content at any point. 

It is suggested to extend the derivation by frames on a four dimensional 
space to laws of electrodynamics and quantum mechanics. Elementary par- 
ticles may also be considered, by taking the space of frames to be a repre- 
sentation space of the Lorentz group. As such, this space contains a wealth 
of irreducible representations that may describe elementary particles. 
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2 The basic field equation 

Recall the hyperbolic star operator - *. Denote dx° = cdt. Consequently 

* (dx ai A • • • A dx ak ) = (-lfdx^ 1 A • • • A dx^~ k (2.1) 

where , a^, j3i, • ■ ■ , /3„_fc is an even permutation of (0, 1, 2, 3). 1 = 1 is 

zero if one of the Pi, I = otherwise. 

The Hodge-de Rham Laplacian is defined by 

D = d*d* + *d*d (2.2) 

On functions and 1-forms 

Df = q± - A/; D{fdx a ) = Ufdx a (2.3) 

The principal definition in this article is that of The coefficients of 
the forms in this article are denoted by exp(-f) or exp(g) etc. / and g 
are taken to be small. The derivatives of / and g will be referred to as 
first order. The second order derivatives, say exp(— f)\i\i is composed of two 
terms — f\i\iexp(— f) , which is first order and —f\if\iexp(—f) which is second 
order. will be defined as follows: For /, a first order, 

*$ (/$ ai A • • • A $ afc ) = (-l)'/^ 1 A • • • A (2.4) 

where cui, • • • , a^, j3i, • ■ • , f$ n -k is an even permutation of (0, 1, 2, 3). 1 = 1 if 
zero is one of the I — otherwise. If / is second order then / = 0. 

*$ and, consequently, □$ are invariant. There is freedom to modify each 
equation of (2.4), separately to 

(/$ ai A • • • A $ afe ) = • • • , a k )(-l) 1 f$ pl A • • • A (2.5) 

retaining the invariance of *$ and D$.In this article we'll define 

= a $ 2 A $ 3 (2.6) 

3 

Due to (2.5), there is great freedom in the definition of *$. (2.6) is motivated 
by the desire to make as close to □ as possible. If, for some reason, the 
identity * —1 is desired then the equation 

* <E ,$ 1 A $ 2 A $ 3 = -3$° (2.7) 
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will do it. (2.7) is never used in this paper. 
Define 

□$ = d *$ d *$ + *$ d *$ d (2.8) 
The basic field equation is 

= A(x)$ (2.9) 

where A(x) is a source term, composed of functions and first order derivatives. 
The frame <3> takes place of the metric g^. substitutes Einsteins = 
Rfiv — \gnvR- The frame <E> is composed of two sub-frames, $° and & . n$$° 
and D^- 7 consist of two invariant forms. (2.6) is needed only for n$$°. In 
most cases the two resulting equations are duplicates. 

In [4], it is proven that equation (2.8) is the Euler equation of appropriate 
Lagrangian. The * in [4] is *$ in this paper. Define 5 = *$<i*$. The 
Lagrangian will be 

L = r] a/3 (d$° A <!& + 5$ Q A . (2.10) 

In order to get the field equations of [4], one takes variations of the 1-forms 
that commute with It follows that the volume element *$ = $° A $ ! A 
$ 2 A $ 3 is preserved. 

3 The Linearized Equation 

□$$ is a very complicated object, cf [5]. Consequently, let us compute it's 
linearization It is invariant to the first order. Recall that A. Einstein 

[1] had computed, first, the linearized equation. For that it is assumed that 
$p = 5p + fp, where fp is assumed to be small. Consequently, in the course 
of computation, products of fp and their derivatives are omitted. After a d 
operation (which is linear), the action of the operator L*$ on rf$ is equivalent 
to the action of the linear *, i.e., Thus 

(L*§)Ld(L*§)d = *d* d . (3.1) 

The equation 

= □$ (3.2) 

holds provided that the equation 

d(L*$)d(L*$)$ = d * d(L*^)^ = d*d*& (3.3) 



5 



holds. This is verified provided that the equation 

d(L*$)<5> = d* $. (3.4) 

is verified. 

Let us compute, first, the linearization of equation (2.9) for a stationary 
and diagonal frame. The equation will be 

LD$$ = 0. (3.5) 

Denote x° = ct 

$° = [1 - f(r)}dx° , = [1 + g(r)}dx j (3.6) 

To the first order, 

$! a $ 2 A $ 3 = (1 + S^dx 1 A dx 2 A dx 3 (3.7) 
*$° = (1 - f)dx x A dx 2 A rfx 3 (3.8) 

and 

d* $ $° = d*$ = (3.9) 

Consequently, by (3.1), if D$° = then LD$$° = 0. 

By Appendix A, / = g. For that, the linearized equations is not enough. 
The exact solution is needed. 

With (2.6), 

d $° = d (-gdx 1 A dx 2 A dx 3 ) = d^-fdx 1 A dx 2 A dx 3 ) = d * $° (3.10) 
So again 

LD^ = D$° (3.11) 

Thus, 

$o = (1 _ ™)d x ° (3.12) 
r 

Now 

^.j,^ 1 = $° A $ 2 A $ 3 = (1 + 2g — f)dx° A cfe 2 A dx 3 
*$! = (1 + g)dx° A cfe 2 A dx 3 (3.13) 

By Appendix A, g = f. Thus * <E ,$ 1 = and D^ 1 = M 1 . Thus 

777 

$J = (1 + —)dx 3 (3.14) 
r 



The line element will be 

ds i = _(i _ ^)dx° 2 + (1 + — )dr 2 (3.15) 
r r 

The linearized Einstein line element. 

The essential equation / = g is implied by the definition of The 
operator □ by itself is not enough. 



4 Schroedinger equation, relativistic and non- 
relativistic and Dirac equation 

In this section we will show that the equations above can be reformulated in 
terms of frames. The equations are linear. Thus, the linearized form of (2.9) 
will be assumed to be 

LU^ a = £□$($" - dx a ) = g(x)(<S> a - dx a ) (4.1) 

(4.1) is invariant to the first order. By (3.6) and (??) 

= □$ (4.2) 

/ in (3.6) and (j> in (??) depend on the rhs of (4.1) which in turn depends on 
the particular equation. g{x) represents the matter content of the mass and 
charges pertaining to a particle satisfying (4.1). 

It is enough to show that Schroedinger and Dirac equations are equivalent 
to (4.1). 

Also here it will be seen that LD$$ a is composed of a duplicate: Ln$$° 
and Ln$&. 

The following formulae are taken from [2]. The non relativistic Schroedinger 
equation by (16.6) of [2] with minor rearrangement is 

fj, is the mass and e is the charge of the electron. The solution of (4.3) holds 
for discrete values of E 

Z 2 e 4 

= ^2W (4 ' 4) 
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By (51-14) of [2] the relativistic Schroedinger equation is 



1 d f 2 dR\ + K l + 1 ) R _ {E- e 0) 2 - ™ 2 c 4 



r 2 dr \ dr J r 
(E 2 - 2EZe 2 - + Z 2 e A \ - m 2 c 4 )R 



h 2 c 2 



R 



where ecp = — 



r 



r r^ 

By(51.15) of [2] the non-dimensional form of (4.5) is 



(4.5) 



1 d . 2 dR 
p 2 dp dp 



+ 



A 1 1(1 + 1)- 7 2 
p 4 p 2 



R = 



(4.6) 



where 



p = ar, 
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Ze 2 

4 ( m 2 c 4 _ £ 2 ) 



/l 2 C 2 



A 



2E 7 
hca 



(4.7) 



A solution of (4.5) holds only if 

E = mc 2 [l - 
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2n 2 2n 4V / + i 4 



n 



;-)] 



(4.8) 



The lhs of (4.3) and (4.5) is OR where R(x) = T(r)Y l > j (9, <p). 

Y l, i(9,<p) are the spherical harmonics. Thus, g(x) in (4.1) is the rhs of 
(4.3) and (4.5), respectively. 

Now let us show that Dirac equation, too, can be expressed by (4.1). 
Start with equation (53.15) of [2] 



i t-, 2 ^ dG hck 

(E - mc 2 - V)F + ftc— H G = 

dr r 

£ + mc 2 - V1G - ftc— + F = 

ar r 



Differentiate and multiply by (he) 1 



d 2 G 
dr 2 



dF 



= -(hc)-\E - mc 1 - V)— + (he) 

til 



dr 



k dG k 
r^ + 7 2 



(4.9) 
(4.10) 

G (4.11) 
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d 2 F . . -i . 9 r^dG . idV ^ k dF k „ 

= (&=)-'(« + ™^ - V)^ - (fc)-'-G + -- - (4.12) 

Substitute for ^ and ^ in (4.11) and (4.12) the values from (4.9) and (4.10). 

^ = (hc)- 2 (m 2 c 4 -E 2 + 2EV - V 2 )G + (hcy^F + k ( k + ^ G (4.13) 
dr l dr r 2 

^ = (hcy 2 (m 2 c 4 -E 2 + 2EV - V 2 )F - (Hc)' 1 ^ + — 7 — -F (4.14) 
ar 2 ar r 2 

Express 



1/ = e0 = 



Ze 5 



■(^c)7- 
r 



write (4.11) and (4.12) in nondimensional form using (4.7) 



d 2 G 
dp 2 

d 2 F 
dp 2 



A _ 1 _ k(k + 1) - 7 2 
p 4 p 2 

A 1 fc(fc- 1) - 7 2 
p 4 p 2 



p 2 

F-^ 



Let us compute coefficient s so that for if = aG + 



d 2 # 



A I k 2 --f 2 + s 
p 4 p 2 



dp 2 

a, 6 and s should satisfy 

a(-kG + 7 F) + 6(A;F - 7 G) = s(aG + 6F) 
s is an eigenvalue of the matrix 



T = 



—A; —7 

7 



Thus s 2 = k 2 - 7 2 , take the positive root. Set H = p 2 K. By (4.17) 
1 d 2 {p 2 K) \\ 1 A; 2 - 7 2 + (A; 2 -7 2 ) 1 / 2 " 



AK 



dp 2 



K 



(4.15) 
(4.16) 

(4.17) 

(4.18) 



(4.19) 



as needed in (4.1). 



9 



Eq. (4.19) is the result of mathematical manipulation of Dirac equation. 
Let us show that the computations of the energy levels by (4.19) agrees with 
Dirac's 



E = mc 



1 



r 



r 



n 



*,» wvw " (4 ' 20) 

Indeed, as in Schroedinger relativistic equation, up the fourth order in 7, it 
follows that 

A = ri + s + 1 



E = mc~ ( 1 + ^ 



- 1 / 2 = mc 2 



2 A 2 8 A 4 



Here 



s(s + 1) = k 2 - 7 2 + (A; 2 - 7 2 ) 1/2 , s = (k 2 - 7 2 ) 1/2 
It is enough to compute 1/A 2 to the second order in 7. 



1 

A 2 " 



7 2 \ 



^ nk) 



n 



n' + k + l. 



(4.21) 
(4.22) 

(4.23) 
(4.24) 



The substitution of (4.24) in (4.22) results in (4.20). 

Let us show that we can get the energy levels of Dirac equation also by 
modifying the energy term of Schroedinger relativistic equation i.e. adding 
energy due to the spin of the electron. Let us modify 7 to 7. 



E = mc 2 



1 - 



7 



2n 2 2n 4 \l + ± 4 



n 



(4.25) 



This has to be agree with (4.24) for / = k. Let 7 2 = 7 2 (1 + 7 2 a 2 ). Compare 
(4.25) to (4.20) up to the fourth order 7. 



of + -= 



n 



Thus 



a 



(4.26) 



(4.27) 



2n 1(1 + 1) 

Eq. (4.1) is satisfied by taking for the frame (3.6) f = R and, for the 
frame (??) = R. This is substituted in (4.3), (4.5) and (4.6), respectively. 
Likewise / = K, or = K, respectively is substituted in (4.19). 
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5 The frame of a stationary, spherically sym- 
metric field 

Let $ be a complex frame. Wlog one may take the frame to be diagonal so 
that 



$° = exp(-f)dx° 
& = exp(g)dx J 

It is assumed that x° = ct. 

and n<s>& are derived in Appendix A. There it is shown that / 
is needed for equation (2.9) to hold. Thus 

$° = exp(-f)dx° 
$ J = exp(f)dx J 

By (A.20) and (A.14) 



= (—f\i\i + f\if\i)exp(—2f)&° 
= (-f\i\i + f\if\i)exp(-2f)& 

(5.5) and (5.6) imply separately (2.9). 
By (2.9) it follows that f w = 0. Thus 

m + iq 
r 

^ = exp(-^±^ ) ,/,-« 



r 



$ J = errp I ) dx 3 



5.1 
5.2 

= 9 

5.3 
5.4 



5.5 
5.6 



5.7 
5.8 
5.9 



□<e>$° = -f\if\i®°, = -f\j^ k (5.io 

This is a duplication. For a real frame, a similar equation is dealt with by 
Kaniel and Itin in [4], see also [8]. There, a closed solution is computed. 
By (1.2) the frame (5.8) or (5.9) yields, for q — 0, the Rosen metric [7] 

ds 2 = e~ 2m/r dt 2 + e 2m/r (dx 2 + dy 2 + dz 2 ) . (5.11) 
11 



The solution (5.11) is essentially different from the Schawarzschild solution. 
It's curvature is 



r 4 



The singularity is a point singularity unlike Schawarzschild radius. Neverthe- 
less, black holes do exist. The two metrics are indistinguishable with respect 
to three classical experimental tests. Both theories rely on the geodesic hy- 
pothesis. Thus the three metrics, Schawarzschild, Kaniel and Itin and Kaniel 
(this article) share the second order terms of $° and the first order terms of 
$ J . These are the only terms that count toward the verification of the ex- 
perimental tests. Recall that A. Einstein had computed, first, the linearized 
equation [1]. 



6 Interaction of two bodies. Newton and Coulomb 
laws 

Let two bodies (particles) move on the trajectories a^(x°) ,1 = 1,2. Choose 
the center so that a^(x°) = 0. Suppose that for a time spot y° the first 
body is, momentarily, at rest i.e. a^(y°) = (d^ = ^r-) Take the frame 
of each particle to be defined by (5.3) and (5.4). are defined by (5.7) 
where r = = {(x^ — a^) 2 } 1 / 2 . Consequently take the frame pertaining 
to each particle to be defined by (5.8) and (5.9) where, again, r = r^ l \ 

Ansatz 1 The combined frame of the two particles is taken to be , ap- 
proximately, the product of the frames (5.3) and (5.4), thus 

f = f W + f {2) , (6.1) 
where and solve (5.5) and (5.6) leading to (5.8) and (5.9). 

$° = exp{-{f {1) + f (2) )}dx° = exp(-f)dx° . (6.2) 

$J = exp{f {1) + f (2) }dx j = exp(f)dx j . (6.3) 

Let /W generate <&W respectively. 
Ansatz 2 

= □ <E ,$ (1) + D*$ (2) . (6.4) 

It is assumed that the field of each particle is not affected by the existence 
of the other particle. 
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The computation of for the time dependent case is preformed in 
Appendix B. Evaluate (B.13) and (B.20) for / (1) ,/ (2) and / = /« + f( 2 \ 
Recall that = 0, a^\y ) = 0. Let us, further, approximate (5.4), (5.5), 
(B.13) and (B.20) by substituting 1 for the exponents. Eq. (6.4) will turn 
out to be 

-C + + / (2) u- - + / (2) )b-(/ (1) + f { % = 

f (1) _ f (1) f (1) , f ( 2 ) _ f ( 2 ) f (2) / fi ^ 

J \j\j J \j J \j +J \j\j J \j J \j 

Since = = it follows that 

C+ 2 fS ) f\f = ° ( 6 - 6 ) 



Take 



(1) (m + ig) (2) (M + iQ) 



r (l) ' J ~ r (2) 

Denote a« = a, = /, /( 2 ) = 0, r« = p, r^ 2 ) = r. Thus at y° 

f {j = -( m + iq)(x j - c^p" 3 (6.7) 

(f>\j — — (M + iQ)x j r~ 3 (6.8) 

/ |0 = ( m + ig)(a?* - a^dV -3 (6.9) 

/| | = ( m + iq)(x j - a j )a j r- 3 (6.10) 

where the quadratic terms in a where omitted. At (y°,a(y )) the equations 
(6.5) and (6.7 — 6.10) reduce to 

a j (m + iq)f\j + 2(m + iq)(M + iQ)f\j(f>\j = (6.11) 

The real part of Eq. (6.11) has to be satisfied at the vicinity of (y°, a(y )). 
The result, after cancellation of f\j is 

ma j = -2(mM - qQ)x j r~ z (6.12) 

Newton and Coulomb laws, respectively. The approximate field equation 
(2.9), for a system of two bodies, takes care of the forces. 

(6.11) is quadratic in fj, <pj and a? . Thus, for (6.12) to hold, it is needed 
to approximate □$$ to the second order. The derivation holds for y°, so 
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that a(y°) = 0, there is no consideration of the "reduced mass, e.t.c. Thus 
(6.12) is approximate. 

Let m, M, q, Q denote the masses and the charges in the M.K.S. units 

ma j = -(kmM - KqQ)x j r - 3 (6.13) 

Since ^ = \ f t it follows that m = \kc~ 2 m, M = ±kc~ 2 M, q = {kKf^c^q, 
Q = {kKf/ 2 c- 2 Q. Since k = 6.67- 1(T 8 and K = 9- 10 9 then for M/r < 10 16 , 
Q/r < 1(T 7 

|l±exp(2(/ + 0))| = O(10' 8 ) (6.14) 

Thus, the approximation of the exponentials by 1 is in line with the approx- 
imations performed in this section. 

A model equation with Newton-type law of force is presented in [9]. 



7 Invariant Maxwell equations. Incorpora- 
tion in a massless frame 

For a frame $ define W = A a § a to be the massless electromagnetic form. 
Consider the 2-form dW . For $ a = dx a define 

4-4 = ^ (7.i) 

Denote by E the 2-form E^dx^ A dx°. Denote by A the 3-dimensional vector 
(A 1 , A 2 , A 3 ). Define H 

curlA = H (7.2) 

Denote by H the 2-form 

H = H l dx 2 A dx 3 + H 2 dx 3 A dx 1 + H^dx 1 A dx 2 

so that 

dW = E + H (7.3) 

The identity d 2 W = together with the definitions (7.1-7.2) are equivalent 
to the first pair of Maxwell equations. 

curlE + H = 0, divH = (7.4) 
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The second pair of Maxwell equations 

curlH — E — j, divE = p (7.5) 

carries the physical content of the equations. By a straighforward computa- 
tions (7.5) is equivalent to 

d * dW = d * (E + H) = J (7.6) 

Where the coefficients of the 3- form J are (j, p). 

For a general coordinate system define E^ to be the factor of $ J A $° in 
dW . Define H j to be the factor of A where (j, k, I) is the direct segment 
starting with j of (12312 • • •). The first pair of Maxwell equations will be 
the identity d 2 W = 0. The second pair will be 

d*$dW = J, (7.7) 

where $ = Re^fr, \& being the complex frame that incorporates the electro- 
magnetic field. Since is invariant so is (7.7). It is equivalent to Maxwell's 
equations. 

W can be incorporated into a complex linearized frame, ^ = $ + iA. It is 
#{j = (1 + A°)dx° ttj = A j dx j , (7.8) 
W = (1 - A°)dx j . (7.9) 

The A a are imaginary. 
Indeed by (2.6) 

L * $ ^° = -^L^ 1 A $ 2 A \l/ 3 = -^(1 - ZA^dx 1 A cfe 2 A rfa; 3 . (7.10) 

L * ^° = (1 + A^dx 1 A dx 2 A cfe 3 . (7.11) 

dL*$ty° = d*ty°. (7.12) 

L *$ ^fJ 1 = A ^ 2 A ^ 3 = (1 + A°)cfe A da; 2 A dx 3 = L * tf 1 . (7.13) 
Equations (7.10 — 7.13) imply by equations (3.1 — 3.5) that 

= (7.14) 
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A 

The computation of □$$ for spherically symmetric and stationary frame. 
Take 

$° = e - f dx° $ j = e 9 dx j (A.l) 
dx° = e / $° dx j = e~ 9 & (A.2) 
The structural equations are 

dH = H lo dx° + H b dx j = H\ Q e f & + H^e' 9 ^ (A.3) 

= f ]k e- f dx° A = f\ k e- 9 <5>° A $ fc (A.4) 

d& = g\ k e 9 dx k A dx> = g\ k e- g <5> k A $ j (A.5) 

Computation of *$d *$ d^ 1 . 
By (A.5) 

= (^| 2 $° A $ 3 - #|3$° A $ 2 )e~ 9 (A.6) 

dt^dQ 1 = (g^i^ 1 A $° A $ 3 + 5-| 2 |2$ 2 A $° A $ 3 
-fi^i^ 1 A $° A $ 2 - #|3| 3 $ 3 A $° A $ 2 
-5'|25'|i^ 1 A $° A $ 3 - £|2ff|2$ 2 A $° A $ 3 
+5f| 3 5f|i$ 1 A $° A $ 2 + 5|35|3$ 3 A $° A $ 2 
+#| 2 /|i$° A $ : A $ 3 + ^| 2 /| 2 $° A $ 2 A $ 3 
-0|3/|i$° A $ x A $ 2 - ^| 3 /| 3 $° A $ 3 A $ 2 
-5-125-11$° A A $ 3 - 5| 2 5|2$° A $ 2 A $ 3 

+5| 3 5|i$° A $ : A $ 2 + 5|35| 3 $° A $ 3 A <£> 2 )e~ 29 

= (-^li + ^/iOe-^A^A^ 3 

+ [-(^| 2 |2 + 9\3\s) + g\ 2 f\2 + g\3f\3]e~ 29 $° A $ 2 A $ 3 

+ (^|3|i-^|3/|i)e^ < f A$ 1 A$ 2 (A.7) 

*$d *$ ci^ 1 read from (A.7) 

*<s,d *$ dfc 1 = (g\ 2 \i - g\ 2 f\i)e~ 29 <5> 2 + [-(#| 2 |2 + 9\3\s) + 0|2/|2 + g^f^e' 29 ® 1 + 
(^|3|i-^|3/|i)e- 29 $ 3 (A.8) 



16 



Computation of d d $ 1 . 

= $° A $ 2 A $ 3 (A.9) 

d $ x = (/,! - 2^| 1 )e^$° A $ x A $ 2 A $ 3 (A.10) 

* $ rf* $ $ 1 = (/ |1 -2( ? | 1 ) e - 9 (A.ll) 

d**d*»& = J2Ui\j - 2<7|iy) - - -'// 1)//,/ ""^ (A.12) 

j 

D^ 1 = [-(2^|i|i + g\ 2 \2 + 9\3\s) + /|i|i - f\i9\i + 2#|i#|i + /| 2 £| 2 + /| 3 ^| 3 ]e" 29 $ 1 
+[/|i|2 - 5-|a|2 + 2(g\ ig \ 2 - f\ig\2)]e~ 29 $ 2 

+[/|i| 3 - <7|i|3 + 2(^|^|3 - /|i(?|3)]e- 29 $ 3 (A.13) 

The only way to annihilate the coefficients of $ 2 and $ 3 is to take / = g. 
Consequently 

: //,, • //,//,' 2 " ( i >l (A.14) 

From now on it will be assumed that / = g. 
Computation of *$d *$ d&°. 
By (A.4) 

= (g^ 2 A $ 3 + ^| 2 $ 3 A $ x + ^s^ 1 A $ 2 )e^ (A.15) 

d * $ = [(^i!,! - g ligil ) + ( 5 | 2 |2 - g\ 2 g\ 2 ) + (#| 3 | 3 - ^a^e -2 ^ 1 A $ 2 A $ 3 

+2(^1^1! + #| 2 <?| 2 + g^e' 29 ® 1 A $ 2 A $ 3 

= {9m + 9\j9\j)e- 29 ^ A $ 2 A $ 3 (A.16) 

By the definition of *$ the linear terms are subject to a sign change while 
the quadratic terms are not. 

**d * $ = ( 9lj]j - g mj )e- 29 & (A.17) 

Computation of d *$ d *$ $°. 

* $ $° = A $ 2 A $ 3 (A. 18) 

d**$° = (A.19) 

Thus 

= ( 9ljlj - g m )e- 2 ^ (A.20) 
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B 

The computation of □$$ for spherically symmetric and time dependent 
frame. Take / = g so that 

$° = e-W $' = e W (B.l) 

dx° = e 9 $° dx j = e~ 9 & . (B.2) 
The structural equations are 

dH = H lo dx° + H\jdx? = H lo e 9 <S>° + H^e' 9 ^ (B.3) 

rf$o = g ]k e- 9 dx° A dx k = g\ k e' 9 ^ A $ fe (B.4) 
= g lo e 9 dx° A da^' + 5| fc e 9 cfe fc A dx j = g\ e 9 <S>° A + 5| fc e- 9 $ fc A $ j (B.5) 
Computation of *$d d&°. 

*<E,d$ = (^|i$ 2 A $ 3 + #| 2 $ 3 A $ x + 5| 3 $ 1 A $ 2 )e" ff (B.6) 

= [(^|i| — £?|i£T|o)^° A$ 2 A$ 3 
+ (^|2|o-^|2^|o)$° A$ 3 A$ x 
+ (^|3|o-^|3^|o)$° A$ x A$ 2 
+ (^b' + ^)e^ 1 A$ 2 A$ 3 
+2^|^|o$° A $ 2 A $ 3 
+25(125-10$° A $ 3 A $ x 
+25| 3 5|o$° A & A $ 2 

= [(<?|i|o + <?|i<?|o)$° A$ 2 A$ 3 
+ (^|2|o + ^|2^|o)$° A$ 3 A$ x 
+ (5|3|o + £|3£|o)$° A^ 1 A$ 2 

+(^ b + ^ b )e- 2 ^ 1 A$ 2 A$ 3 (B.7) 



*$ = [(5|i| + 5|ifi'|o)$ 1 + (0|2|o + 9\29\o)^ 2 + (fi-1310 + g\39\o)® 3 ] 

+is\i\i - 9\j9\M~ 29 ^ (B.8) 
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Computation of d d *$ <3>°. 

* $ $° = a $ 2 A $ 3 (B.9) 

d $° = -g lo e g §° A $ x A $ 2 A $ 3 (B. 10) 

*$d*$ $° = -^| e s (B.ll) 

d *$ d *$ $° = -(g ]0 \o + g\o9\o)e 29 <5> - (g w + g\ g\j)& (B.12) 

Thus 

= (-(?| | e 29 + ^ b e- 2fl - g lo g\o)e 29 - g\ 3 g^~ 2g ^ (B-13) 
Computation of d d *$ $ 1 . 

= $° A $ 2 A $ 3 (B.14) 

d*^ 1 = -^e-^A^ 1 A$ 2 A$ 3 (B.15) 

d * $ d *$ $ x = (-^|i|o + 0|i0| O )$° + + ^|i5b)e" 2fl ^ (B.16) 

Computation of *$d d^ 1 . 
By (A.5) 

^d^ 1 = (#| 2 $° A $ 3 - ^|3$° A $ 2 )e~ 9 + g\ Q e 9 <$> 2 A $ 3 (B.17) 

*$d *$ d$ x equals *$d of (B.17). 

The computation of *$d of the first two terms on the right of (B.17) is 

exhibited in (A.15-A.17). Together with (A. 12), (recall: / = g), the sum is 

[-9\j\j + 9\j9\j]^ 29 ^ (B.18) 

Thus 

*sd(g l0 e 9 $ 2 A $ 3 ) = (g m + 3g l0 g l0 )e 29 ^ 1 + (^ |i - 3g\ g\i)$ (B.19) 

D^ 1 will be the sum of (B.18), (B.19) and the excess of (B.16) over 
(A.12). 

1 = [(^|o o + 3g\o9\o)e 29 + [-g\j\j + g^e' 29 ]® 1 - 2g m ^ Q (B.20) 
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